We systematically compute the annihilation rate for winos and higgsinos into the final state relevant for indirect detection experiments, γ + X. The radiative corrections to this process receive enhancement from the large Bloch-Nordsieck-Violating Sudakov logarithm, log(2M χ /M W ). We resum the double logs and include single logs to fixed order using a formalism that combines nonrelativistic and soft-collinear effective field theories. For the wino case, we update an earlier exclusion adapting results of the HESS experiment. At the thermal relic mass of 3 TeV, LL corrections result in a ∼30% reduction in rate relative to LL. Nonetheless, single logs do not save the wino, and it is still excluded by an order of magnitude. Experimental cuts produce an endpoint region which, our results show, significantly effects the higgsino rate at its thermal-relic mass near 1 TeV and is deserving of further study.
I. INTRODUCTION
While the Standard Model (SM) lacks a viable dark matter (DM) candidate, it is straightforward to extend it to a theory that does. The fact that a weak-scale particle charged under the electroweak group can simply freeze out of the primordial plasma with the correct relic abundance has been dubbed the "WIMP Miracle" (cf.
[1]). Since the dynamics that set the electroweak scale are presently unknown, it is natural to go a step further and propose that WIMP (Weakly-Interacting Massive Particle) dark matter arises from the sector that solves the hierarchy problem. Supersymmetry (SUSY) is the classic example of this 'two-birds with one stone' approach to beyond the Standard Model physics. However, the absence of superpartner discovery at the LHC and elsewhere has brought the public perception of the theory into some disrepute. One may counter though, that this very notion of SUSY's having a successful, simple DM candidate predicts precisely the current experimental situation. The dark matter is necessarily the lightest supersymmetric particle (LSP), and its most straightforward realization is the neutralino. In the absence of large mixing, we can discuss each of the three neutralino states as its own case. The bino overcloses the universe in the absence of nearly-degenerate sfermions. This leaves wino and higgsino, the two cases we consider here. If we want them to be the advertised thermal relic, in the absence of degeneracies in the SUSY spectrum, this fixes their masses to be M wino ≡ (M χ ) = 2.7-2.9
TeV or M higgsino ≡ (M χ ) = 1 TeV [2, 3] . Thus, the simple SUSY dark matter story has an electroweak LSP at or above 1 TeV, and thus has no observable collider signature for the foreseeable future.
While TeV-scale, weakly-interacting states are out of range of the current generation of colliders, they represent a big target of opportunity for indirect detection experiments.
Observation of a nearly monochromatic line of photons at these energies would be a smoking gun of new physics. The possibility of such experiments to set stringent limits on the wino scenario was explored in [2, 4] . By combining a numerical calculation of the Sommerfeld enhancement with a tree-level annihilation of WIMPs to γγ + 1 2 γZ, they found that the HESS experiment ruled out the wino by a factor of 15 under the assumption of an NFW dark matter halo profile [5] . In particular though, [4] extended their annihilation calculation to one-loop and found a reduction in rate by ∼ 4× at the thermal relic mass of 3 TeV. In order to test such a large radiative correction, in our previous papers ( [6, 7] ), we developed an effective field theory (EFT) approach to resum the large Sudakov double-logs that appear, log(2M χ /M W ), factorizing their contribution from the Sommerfeld factors. Although the gauge bosons in the theory are electroweak, the approach is based on two different EFTs developed for QCD, non-relativistic QCD (NRQCD) [8] and soft-collinear effective theory (SCET) [9] . Since the experiment only detects one of the hard photons from annihilation and its resolution is on the order of a few hundred GeV, we computed the semi-inclusive annihilation rate, χ 0 χ 0 → γ + X. We found the overall correction from resummed double logs to be modest, with a few percent reduction in the cross section at the relic density mass of 3 TeV relative to tree level (+ Sommerfeld enhancement). Thus, the factor of ∼ 15 exclusion by HESS remained, unless one invoked a profile with coring > ∼ 1.5 kpc, in tension with recent simulations [10] [11] [12] .
In between the release of our two papers, two other groups produced calculations using effective field theory for wino annihilation [13, 14] to γγ + 1 2
γZ.
1 Both papers reported a much larger reduction, getting roughly half the rate found at tree level. This need not be a contradiction as our semi-inclusive cross section necessarily includes more processes.
Nonetheless, to improve our earlier, leading log (LL) resummed result, we now compute the single-log contributions. Despite being formally subleading in the power counting parameter, working at single-log order brings in new effects which have the potential to be large: 1) the possibility of the photon to fragment into pairs of SM particles, 2) accounting for realemission processes that make E γ sufficiently less than M χ that events wind up outside the signal bin. We will find, in fact, that 2) is numerically important. While this is not enough to prevent the wino from being ruled out by HESS by an order of magnitude, it does prompt us to undertake a future study to calculate endpoint logarithms which are different from the log(2M χ /M W ) contributions we have been including and resumming thus far [16] . We also extend our formalism to calculate the semi-inclusive rate of higgsino annihilation. Since the thermal relic mass is just 1 TeV, the log expansion is less accurate and we will see that single logs introduce a sizable correction.
In Section II, we briefly review the EFT for WIMP annihilation to γ +X, and present our previous results for the wino with LL resummation along with single-log contributions at fixed order, providing an LL result. Section III extends this to the higgsino. In Section IV, 1 Ref. [13] actually treated an SU(2) scalar triplet, but as we are in the nonrelativistic limit and only annihilating a single spin channel in the fermion case, the calculation is identical.
we give the plots of the cross section as a function of the WIMP mass. While the splitting between charged and neutral wino states are fairly model independently around 170 MeV, we give plots for the higgsino-case in two different limits of mass splittings. We also discuss the importance of corrections arising out of finite detector resolution and ways that these can be handled in a controlled manner. In the Appendix, we collect some technical results on the neutralino mass matrix in the MSSM, Sommerfeld enhancement, and our treatment of the photon fragmentation down to zero invariant mass.
II. EFFECTIVE FIELD THEORY OF HEAVY WIMP ANNIHILATION
We lay out the details of our effective field theory approach and factorization theorem in [6, 7] . The EFT is a hybrid of NRQCD and SCET. 2 The former is necessary to handle the heavy, slowly-moving initial state and is organized as a power counting in v, the WIMP velocity. The latter resums the large kinematic logarithms that arise from our highly-boosted final state particles, with a power-counting in λ = M W /M χ . One immediate benefit of this approach is that it disentangles the different physical effects arising from the same fields in the underlying theory. Since we are quantifying the nonperturbative physics of both Sommerfeld enhancement and Sudakov resummation and since loops of W boson contribute to both, the EFT makes it manifest which nontrivial process a given diagram is contributing to. In Table I , we list the effective theory fields and their power counting. 
Additionally, we note that for the experiments under consideration, resolution of the photon signal is sufficiently poor that we cannot distinguish between strict two-body (γγ or γZ) annihilation and processes where the photon either recoils against or emits soft or collinear W s. For this reason, we make use of the Operator Product Expansion (OPE) to calculate the semi-inclusive annihilation rate σ(χ 0 χ 0 ) → γ + X (cf. Fig. 1 ). The recoil state will not lead to any IR divergences dependent on M W , even at the single log level. Since we are totally inclusive in the recoil-(orn-) sector, and since the initial state has non particles, by taking the OPE, we are calculating a recoil-sector vacuum expectation value. Thus, the only operator in the expansion that can contribute to the vev is proportional to the identity and is therefore IR safe. 3 We can perform the OPE by matching to the semi-inclusive rate to produce a photon in the full theory at the scale 2M χ . The procedure is identical in both the wino and higgsino cases, but the different representations of these states, along with the higgsino's nonzero hypercharge, give us a different basis of operators. We now discuss both cases.
A. Wino Operators
The first case we consider is that of a wino-like neutralino. This covers the possibility of dark matter arising as the LSP in the MSSM (or an extension) as long as it is sufficiently split from other states that we can ignore the effects of coannihilation and mixing. Operationally, though, we are simply adding an SU(2) triplet to the SM, and so this scenario could arise as a more minimal model of DM. We will nonetheless refer to this state as the wino. The details of the operator basis and factorization theorem along with the analysis of the crosssection at leading log were presented in [6] , [7] . Here we briefly review this case and extend the analysis to LL , including the single-log contributions as fixed order corrections to the resummed double log. The operator basis dressed with Wilson lines is
The vacuum insertion approximation enforces that the WIMP fields annihilate the initial state and holds up to corrections of O(v 2 ). In general, we will drop the vacuum projector.
There is also an implicit Lorentz contraction and projection of the final state onto a singlephoton state in the n direction,
and without ambiguity, we drop the n and ⊥ from B ⊥A n . In preparation for computing the anomalous dimensions, it is useful to decompose the operators in Eq. 1 into the soft and collinear sectors,
The cross-section in terms of this basis is
where
is a fragmentation function defined by
where n · p is the total +-momentum flowing in the n-direction and
are just the Wilson coefficients of the full operators given in Eq. 1. As we will detail below, there is a simple relation between them at tree level that allows us to determine them at that order by a single calculation.
B. Wino Anomalous Dimensions
The advantage of working with the basis in Eq. 3 becomes apparent when we work at loop level. We can consider the soft and collinear sectors separately. However, soft and collinear modes have the same virtuality and hence the divergences that arise from the factorization of the soft sector from the collinear cannot be regulated by dimensional regularization, which respects boost symmetry. Hence, we need to introduce a rapidity regulator, which manifestly breaks boosts [17] . This requires a corresponding factorization scale which we call ν. As it arises from our artificial distinction between soft and collinear modes, it will necessarily 
Thus, we radiatively generate the singlet color structure which demonstrates mixing between the singlet and nonsinglet operators in the soft sector.
The diagrams for the operator O a c are shown in Fig.3 0|O
where,
with z the energy fraction of M χ carried by the photon and z cut is the threshold value for the photon to be detected by the experiment. For HESS, z cut varies between 0.89 to 0.83 over the range of masses 0.5 -19 TeV., so we adopt an average value of z cut = 0.85. The dependence on z cut appears because of the semi-inclusive nature of our calculation. We are implicitly including three-body processes where the observed photon has lost a finite amount of its energy. In a forthcoming work [16] , we will calculate the dependence of the rate on the possibly numerically important quantity log(1 − z cut ). Finally, β 0 = 
Since our operators mix, we work with a matrix of anomalous dimensions,
given by
Although they will play no further role in our calculation as our soft and collinear logs are minimized by running µ to M W , for completeness we include our ν-anomalous dimensions,
The terms in the RG matrix which are not explicitly stated are all 0.
C. Resummed Wino Annihilation Rate
We use the RG invariance of the cross section to obtain equations for the Wilson coefficients of the operators in Eq. 1,
As discussed above, since the running of the Wilson coefficients combines both soft and collinear sectors, it must be independent of the rapidity scale ν. ). To do a full NLL resummation, one would need to include the two-loop cusp anomalous dimension as well. Given the percent-scale effect this has, this is beyond the order to which we are working.
We can easily write down the solutions using the boundary conditions
To write down the final cross section, we need to evaluate the photon fragmentation function, Eq. 5, at the scale M W . At LL , the photon can fragment into charged SM states, so F γ AB (M W ) is no longer its tree level value. In particular, this correction enters via the gauge-boson wavefunction renormalization, proportional to the corresponding β-function coefficient. Since this includes light fermionic states with mass lower than M W , we therefore modify our result to take into account these corrections in the following way
and similarly for hypercharge, where Π γγ (≡
-1) is the photon self energy function evaluated at the scale M Z and α is the fine-structure constant. The value of this quantity is derived from experiment to be -0.0594 [28] . We refer the reader to Appendix C for details.
Following the discussion in [7] , which fixes the tree-level matching coefficient as
we write the final cross-section in terms of the Sommerfeld enhancement factors,
We define the nonrelativistic wavefunctions as
, a spin singlet state. The factors ψ 1,2 in Eq. 21 are the dimensionless Sommerfeld enhancement factors. We briefly sketch their calculation in Appendix B, with more details in [4, 7, 18] . We note that the LL rate is schematically the same as LL, the only difference coming from the correction to the Sudakov factors in Eq. 20. We recover the earlier result by setting L, Π γγ to 0 in that formula.
III. HIGGSINO
We next turn to the case of higgsino-like dark matter. Just as with the wino, one can take this state to be the neutralino LSP, in the limit where mixing with gauginos is negligible.
However, it could arise in a simplified model of Dark Matter, where we augment the SM by two SU(2) doublets with hypercharge ± 1 2 . The one complication in this sector is that direct detection constraints prevent the DM to from being a pure doublet [19] . We need mixing with another state (such as the gauginos) to split the Majorana components of the neutral fermion by at least 200 keV. However, the requirements on the state being mixed are only that it have mass less than 10 9 GeV, which is sufficiently decoupled that in practice we work with a doublet possessing splittings between its neutral components and between the neutral and charged fermions. These mass differences are much more model-dependent than that of the wino. We thus study both a narrowly-split limit, just allowed by direct detection constraints, and a more widely split scenario which could arise in the MSSM neutralino sector from having gaugino soft masses M 1,2 a factor of a few greater than |µ|.
Prior to dressing with soft Wilson-lines, the minimal operator basis that we need is
B A is the SU(2) gauge-boson field (implicitly the ⊥ portion of B A n ) while B n is the hypercharge field. The coupling-dependent prefactors arise from matching the 2→2 WIMP annihilation to gauge bosons at tree-level. This gives dimension-five, (χχ)BB operators, with which we then perform an OPE (cf. Fig. 1 ) to obtain operators for the semi-inclusive annihilation rate to γ +X. Normalizing the operators in this way automatically gives 0 when we add up O 1-4 (O 5 is not generated at tree level), as it should, when we set the fermions to their neutral components and project the gauge bosons onto photons, B
A → sin θ W γ, B → cos θ W γ. Thus, just as in the wino sector, we will just need a nonzero tree-level pro-
γZ, to fix a common Wilson coefficient. 4 As explained below Eq. 1, we use the vacuum insertion approximation in the WIMP sector, but we have dropped the explicit vacuum projector. Just as before, there is also an implicit Lorentz contraction and projection onto a single-photon state between the B, B A fields (cf. Eq. 2). As in the wino case, since we are annihilating Majorana fermions, the only relevant bilinear isχ γ 5 χ. The spin-one operators are irrelevant since Fermi statistics would lead to an antisymmetric SU (2) initial state, and we are interested in the annihilation of two neutral particles. Furthermore, P-wave annihilation is velocity suppressed. In the fermion sector we have combined the two doublets into χ with,
4 Because of the identity τ whereh u,d are the higgsino gauge eigenstates. Our operators therefore also have an intrinsic identity in doublet-space. In the limit where the mass eigenstates are pure higgsino, we have
where χ 0 1 is the lighter mass state. We also have a charged Dirac fermion,
We can now decompose the operators in Eq. 22 into the soft and collinear sectors, as in Eq. 3, obtaining a factorization theorem for the annihilation rate. This is identical to our approach with winos and some of the resulting operators will even be identical, therefore receiving the same radiative corrections. In the soft sector we get,
In terms of the basis in Eq. 22, these operators dress O 3 , O 5 , and O 4 , respectively. We see 
where here O a,b c are repeats from the wino sector. The details of our factorization theorem, which is identical to the wino result, can be found in [6, 7] . Because of the more involved operator structure, we will also decompose the operators in Eq. 22 into the WIMP sector, defining O NR i to be the χ-field component of the full operator O i , including any Dirac and color matrices that contract with the fermions.
For example,
The annihilation spectrum may be written as
, F γ are fragmentation functions defined by
C 1-4 are the matching coefficients that give the probability for the dark matter to annihilate with total +-momentum in the n-direction of n · p. 
The operator O c s has a unique color structure, so that it mixes only into itself (Fig.4) . O c c contributes to a hybrid Weak-Hypercharge fragmentation function, which is why it gets only virtual corrections (Fig. 5) . The hypercharge field is Abelian, so it does not get any Wilson-line contributions.
is the leading order hypercharge beta function coefficient. O d c , which contributes to the hypercharge fragmentation function, only gets wavefunction renormalization corrections (Fig. 6) , which we discuss further in Appendix C.
From these matrix elements, we can compute the regular and rapidity anomalous dimensions. None of the new contributions generates any mixing, so we simply get,
and
The terms not explicitly stated are all 0. We note that O d c has no rapidity anomalous dimension as it receives contributions only at the single-log level. We trivially see that ν-dependence drops out, as it must, when we add γ c µ c + γ s µ c , the combination that will appear in running the Wilson coefficient, C 4 , for the operator in Eq. 22. Also, we see that both soft and collinear rapidity anomalous dimensions will vanish when we set µ = m W , so we will not need the rapidity RG.
B. Resummed Higgsino Annihilation Rate
We can now use RG invariance of the cross section to compute the RG equations for the Wilson coefficients
As in the wino case, our objective is to obtain the LL cross section in order to have a controlled calculation for higgsino annihilation. For the thermal relic mass of 1 TeV, we see that the Sudakov logarithm is not so large, log(2M χ /M W ) ≈ 3.2, so a pure LL calculation at this value may not capture all important contributions. Tree-level matching tells us
Using these boundary conditions and the RG equations, we can write down the solutions for the Wilson coefficients at this order,
where we use the same functions, as in Eq. 16, which we repeat here, along with the new
The cross section can now be obtained by evaluating the effective theory matrix elements at their natural scale µ ∼ M W .
In order to get a numerical result, we must perform the tree-level matching to determine C(2M χ ), which we again do by computing
γZ, which at this order is
The leading order cross section is
For both this matching and our later determination of the neutral WIMP annihilation rate, it is useful to write our fermion bilinears in terms of mass eigenstates. For simplicity, we drop the γ 5 common to all terms in this calculation.
From the effective theory description, we calculate this particular cross section from the basis of operators in Eq. 22, projecting the fermions onto the charged state and the gauge bosons onto photons,
The first term on the RHS is the flux factor. Our conventions, including the polarization sum, fix
and at tree level, 0|χ
where we have absorbed the bosonic phase space, for both observed photon and the recoil particle in C(2M χ ).
We now need to account for the Sommerfeld enhancement of the higgsino annihilation rate. The details of the potential are given in Appendix B. The computation is quite similar to the wino, but with an additional neutral, Majorana fermion. We thus get, in analogy with Eq. 21,
where in addition to having an overlap between the asymptotic, |χ 
where L = log 2Mχ M W and P g , E i , etc. are given in Eq. 38.
As in the case of the wino, we must account for corrections to the photon fragmentation functions Eq. 30 beyond tree level, including the possibility to split below the scale M W . This is seen in the above equation (45) in the Π γγ term, which, as defined earlier is the photon self energy function at the scale M W . For details, see the discussion around Eq. 17
and Appendix C.
IV. DARK MATTER CONSTRAINTS AND CONCLUSION
Having calculated tree level matching, LL resummation, and computed the Sommerfeld enhancement numerically, we can now evaluate the differential cross section for χ 0 χ 0 → γ + X, given for winos (Eq. 19) and higgsinos (Eq. 45).
In our previous calculation at LL, we found the effect of higher order corrections to be very modest [7] . This is in contrast to those groups that performed an exclusive two-body calculation [13, 14] . We therefore wanted to examine whether the single-log contributions might be a large factor, which prompted this calculation at LL . As mentioned in the Introduction, working at single-log brings in new effects which have the potential to be large: 1) photon fragmentation to pairs of SM particles, 2) real emission processes with z < z cut . As we now show, fragmentation is a minor effect, but accounting for finite energy fraction, z, is numerically important enough to warrant a follow-up study [16] . As before,
we adapt the exclusion analysis of [14] . 
which indicates a ∼30 % reduction. However, one thing to be noticed is that the full theory cross section contains single and double log(1 − z cut ), which become large in the endpoint region. For our value of interest, z cut =0.85, to get a handle on the importance of the endpoint logarithms, we see
TeV. In fact, we see in A full-theory tree-level calculation reveals that the missing terms are positive and enhance the cross section [20] , as they must in order to restore positivity.
To test the hypothesis that the large corrections at LL arise from taking z cut close to the endpoint, we can take an unrealistically large "signal bin" with z cut =0.5. In this calculation, endpoint logarithms are small and we are justified in dropping them completely. Additionally, with the larger bin, even though we smear out the photon energy at single-log order, a much greater fraction of them remain in our signal region. We see in Fig. 9 that LL is indeed a small correction throughout our range. We get a very similar result with z cut =0.5
for higgsinos, as well. This prompts us to conclude that as far as log(2M χ /M W ) terms are concerned, we are justified in ignoring higher order corrections, such as the two-loop cusp anomalous dimension. However, including effects that become large in the limit of small 1 − z cut will be important going forward.
This exercise emphasized that it is vital to include endpoint corrections. Furthermore, as the resolution of future experiments improves, z cut will increase, and corrections will only get larger. Although our results here establish the need for further study, there are two conclusions we can draw already that are worth emphasizing:
1. Single logs won't save the wino: Around the thermal relic mass of 3 TeV,
, so endpoint corrections be important. However, as we have mentioned they will be positive. Thus, our LL result represents a floor for the wino annihilation rate, and we see that this is still an order of magnitude larger than the HESS exclusion limit. As we discussed [7] , these limits are subject to large astrophysical uncertainties, and a sufficiently large, > 1 kpc, core can be invoked to 2. The 1 TeV thermal relic mass for the higgsino is at a tantalizing point:
Looking at the different curves at 1 TeV in Fig. 8 , we see a significant change in the result at each order in the calculation. Furthermore, there is an additional large change still to be determined as endpoint corrections will be needed to restore a positive cross section. We see that Sommerfeld enhancement and including large Sudakov and endpoint logarithms will all be necessary to give a controlled result. The fact that the LL curve touches the projected CTA (the successor experiment to HESS) limits at 1
TeV only deepens the intrigue. The possibility for the next generation of experiments to probe this motivated limit hangs in the balance.
To proceed with the analysis requires a two-step EFT. This involves matching the full theory to a SCET-I theory with a power counting parameter λ = 1 − z cut , followed by matching to the SCET-II EFT developed in this paper with the modified parameter λ =
]. This will be the subject of a forthcoming paper.
mass eigenvalues: [18, 21, 22] . Since it contains Coulomb, Yukawa, and mass-shift pieces and is off-diagonal for the two states, we solve it numerically, in a manner similar to [4] . As expected for slowly moving particles in the presence of an attractive potential, we find Sommerfeld enhancement for the annihilation. For some regions of M χ , this is orders of magnitude above the perturbative rate.
Taking into account appropriate state normalization, the Schrödinger potential is
where δM ≡ M χ + − M χ 0 . For numerical analysis, we use δM = 0.17 GeV, which is its value over much of MSSM parameter space. We refer the reader to [7] for details about these enhancement factors for the wino.
Higgsino
For the case of the higgsino, we have three possible channels of annihilation to photons, the LSP neutralino, the heavier neutralino, and the chargino. The initial LSP state can oscillate into the heavier neutralino via Z exchange or to the chargino state via the W boson. Taking into account appropriate state normalization, the Schrödinger potential is We plot our numerically determined Sommerfeld factors in Fig. 10 . These are the ψ 1-3 (0)
in Eqs. 21 and 44. Interestingly, we find that at the thermal relic mass, 1 TeV, the chargedstate wavefunction-squared is ∼ 10 −2 . Since charged annihilation is tree-level, we find that it is comparable to the neutral-state annihilation that occurs at one loop. We see this reflected in the higgsino annihilation plotted in Fig. 8 .
Appendix C: Photon Wavefunction Renormalization
The wavefunction renormalization of the photon is the residue of the pole of the twopoint function obtained after applying radiative corrections to Π γγ (Fig. 6 ). In the preceding calculation , we have put a generic IR cut-off at the scale M W which then gives us a correction of the form β 0 log(
). While this will work for the gauge bosons and scalars which have masses around the electroweak scale, it will clearly not do for the fermionic loops . This is due to the fact that since the photon is massless, the IR cutoff for the loop integrals is the mass of the particle in the loop. Thus, the contribution of the fermions needs to be modified to give ∼ log( 2Mχ m f ). While this is fine for the case of leptons and heavy quarks, the case of the light quarks is not so clear due to the non-perturbative physics involved.
In principle, the way to do it formally is to match the EFT in the present form to an EFT below the electroweak scale. Such an EFT will necessarily have the SU(2) symmetry broken, with the W and Z bosons integrated out. The degrees of freedom that remain are the light fermions and the photon (along with the initial state winos/higgsinos). Since we are only computing diagrams up to one loop, the photon fragmentation function in this EFT will receive only a virtual correction which is the photon self energy correction Π γγ involving light fermionic loops. This in turn tells us that operationally the way to implement this correction in the final cross section is to identify the photon self energy terms and add Π γγ evaluated at the scale M W . Such terms are easy enough to identify since they contribute to the beta function of both the SU(2) and hypercharge gauge coupling. Thus we modify our expression for the beta function as
where α i can be either α W or α with the corresponding β functions, β 0 or β 0 . We use this to modify our final LL rate expressions, Eqs. 19 and 45. We get such a simple form in Eq. C1 because our operators in the unbroken theory already explicitly project onto a photon external state. Thus, they already contain the appropriate sin θ W factors needed for going to the broken theory below M W and no further rotation is needed.
Since Π γγ involves non perturbative QCD corrections, we cannot compute it analytically.
There is however, a method of obtaining the contribution of the quarks to the photon self-energy [28] : the evaluation of the loop diagrams can be related to the cross-section measurements. The imaginary part of Π γγ for hadrons is directly related to R had , the QED cross-section of the process e + e − → hadrons normalized to the QED cross section for muon pair production.
The real part of Π γγ is obtained by using the Kramers-Kronig rule. Since we have included a log( 
